Diffusive logistic population growth with immigration  by Harris, S.
Applied Mathematics Letters 18 (2005) 261–265
www.elsevier.com/locate/aml
Diffusive logistic population growth with immigration
S. Harris∗
College of Engineering and Applied Sciences and Marine Sciences Research Center, SUNY, Stony Brook,
NY 11794, United States
Received 1 March 2003; accepted 1 March 2003
Abstract
We study diffusive logistic growth with immigration for a habitat surrounded by a hostile environment. The
focus of our interest is the effect of immigration on the critical habitat length required for survival of the population.
As expected, we find that this is reduced when immigration occurs. We also briefly consider the much simpler case
where both immigration and emigration take place in an isolated habitat.
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1. Introduction
Various approaches have been taken to model the distribution of populations. These differ in
several important respects, especially as regards the treatment of the dispersal process. Metapopulation
models [1] provide a global description of a complex habitat whose evolution is determined
by the colonization (i.e. immigration into) and extinction of its component patches. In contrast,
reaction–diffusion models [2–4] provide a local description of individual isolated patches. The fusion
of these two approaches would be desirable [5], and our purpose here is to consider one of the specific
issues that must be resolved before such an ambitious goal can be reached.
Existing results for reaction–diffusion models describing individual patches are almost exclusively
limited to describing habitats in which there is no immigration. An exception, limited to Malthusian
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growth, was considered by Okubo [2], who addressed the important issue of how immigration (and
emigration) affects the critical habitat size below which extinction occurs. The resolution of this issue
for the more realistic case of logistic growth would be an important step in the synthesis of the
metapopulation and reaction–diffusion approaches and that is our objective here.
Immigration, or colonization as it is referred to in the metapopulation literature, can occur by a number
of distinct mechanisms depending on the organism being considered. Mammals and other non-flying
creatures enter a new habitat at its boundaries while birds and flying insects are not similarly constrained
and can enter anywhere. Plant seeds and pollen, and spores, are more complicated since they may employ
both of these mechanisms. Here we restrict ourselves to the second mechanism, which was discussed
previously by Okubo [2], providing us with a basis of comparison for the results we find. In the next
section we obtain and illustrate our main results describing the effects of immigration for a habitat
surrounded by a hostile environment. We conclude in the final section with a discussion of the simpler
case of a closed habitat.
2. Logistic growth with immigration
2.1. Formulation
The Fisher equation [6] is the classical reaction–diffusion model. This equation has been extensively
studied, and many of its technical properties have been explicated [3,4]. However, for a habitat of bounded
extent the seminal results of Skellam [7] and more recent results of Cantrell and Cosner [8] are the only
explicit exact analytical results we are aware of; the latter extends the former to the case where the growth
rate is spatially heterogeneous. Like Skellam, and consistent with the spirit of the metapopulation theory,
we restrict ourselves here to a spatially homogeneous habitat so that the population density N(x, t) is
described by the Fisher equation with an added immigration (or colonization) term C
∂N
∂t
= D ∂
2N
∂x2
+ r N
(
1 − N
NC
)
+ C (2.1)
where r is the growth rate, NC the carrying capacity, and D the diffusion coefficient for the dispersing
population. To find the critical length we only require the steady state solution of Eq. (2.1) and, after
scaling N to NC , setting z = x(r/D)1/2 and c = (C/r NC ), Eq. (2.1) becomes
0 = d
2n
dz2
+ n(1 − n) + c. (2.2)
For a hostile environment, the boundary condition is n(±l) = 0, where −l  z  l and l is the
dimensionless habitat half-length. Eq. (2.2) without the nonlinear self-regulation term was considered
by Okubo [2], who found that immigration eliminates any risk of extinction, i.e. for c > 0 there is no
critical length for survival although the population will grow without bound if l > l∗ = π/4. This differs
dramatically from the case where there is no immigration and extinction occurs for l < l∗. The results
of Cantrell and Cosner [8] for a spatially heterogeneous habitat parallel those just described for c = 0;
the critical length is identical for both Malthusian (linear) and logistic (nonlinear) growth, the difference
being that in the latter case a steady state is reached for l > l∗ rather than continuous growth.
Critical length
It is simplest to make use of Skellam’s method [7] for determining the critical length. Defining
u = no−n
no(1−no) , where no = n(z = 0), the central density, and λ = 2no − −1, we can rewrite Eq. (2.1)
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in terms of d2udz2 and u, then integrate to obtain
1
2
(
du
dz
)2
= u
[
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no(1 − no)
]
+
(
λ
2
)
u2 −
(
1
12
)
(1 − λ2)u3. (2.3)
We will only consider no < 1 in what follows, which allows us to assess the effects of immigration on
the critical length, which is our primary goal. Eq. (2.3) can be integrated from z = 0 to z, and after some
minor algebraic manipulation we arrive at the implicit solution
z =

 21/2
ρ
(
1 + c
no(1−no)
)

 [F (π
2
; m
)
− F(φ; m)
]
(2.4)
where F(; ) is an elliptic integral of the first kind with parameter m = β2
α2+β2 , amplitude φ = cos−1 αu,
and the quantities α, β, and ρ are defined below (note: we have used a semicolon instead of a vertical bar
to separate the amplitude and parameter in the argument of the F functions):
ρ2 = α2 + β2 (2.5a)
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
 1(
1 + c
no(1−no)
)
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
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− λ(
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) (2.5b)
4β2 = 4α2 + 2λ(
1 + c
no(1−no)
) . (2.5c)
For c = 0 we recover Skellam’s [7] result.
Determining the critical length involves a limiting process that is somewhat delicate here. We wish to
take the limit no → ε  1 and to find the value of l∗_ for which n(l∗) = 0; this is the critical half-length.
With no ambiguity we have λ → −1 and u(l∗) → 1 so that β2 → 0 for all values of c and
α2 → 1
2
(
1 + c
no(1−n0)
) .
If c is finite then α2 → 0, and it follows that the Malthusian result is recovered. However, if immigration
is determined by the attractiveness of the habitat as reflected by the central density so that c = kno, k > 0,
then α2 → 12(1+k) and l∗ = π2 − cos−1 1(2+2k)1/2 , with k = 0 again corresponding to the case where there
is no immigration.
In a biological context the last result is most meaningful in situations where c  1 because the number
of immigrants is appropriately small. The other possibility, that the rate of arrival is very small, as occurs
in island biogeography theory [9], is less likely to be compatible with the boundary conditions used here.
We consider the boundary conditions applicable to islands in the next section. As our last result indicates,
as k increases the critical half-length decreases from l∗(k = 0) = π/4, and we illustrate this in Fig. 1;
note that the actual habitat length is 2l∗. In Fig. 2 we show the central density no as a function of the
habitat half-length l for k = 0, k = 0.25, and c = 0.25. This figure clearly shows the expected qualitative
effect of immigration, which is to increase the density for a given habitat size.
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Fig. 1. The relationship between the critical half-length l∗ and the parameter k, with the latter appearing here as the dependent
variable. In a biological context l∗ = l∗(k).
Fig. 2. Central density shown as a function of habitat half-length for k = 0, k = 0.25, and c = 0.25.
Okubo [2] briefly considered the case where there is no population flux at the habitat boundary,
which is applicable to islands and other areas where natural or human barriers prevent egress. Using
a Malthusian growth model with constant immigration rate and a local emigration rate proportional to
the density, −E N , he found that either unlimited growth or a steady state will result, with the deciding
factor being whether the net growth (r − E) is positive (growth) or negative (steady state). This problem
is easily treated in the present context of diffusive logistic growth; specifically we can determine the
equilibrium state and how it depends on the system parameters. It is also a simple matter to show that
this solution is stable.
When there is no boundary flux the only time-independent solution must also be space-independent
so that Eq. (2.1) with an emigration term −E N leads to a generalization of Eq. (2.2).
0 = n(1 − e) − n2 + c (2.6)
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where e = E/r . The equilibrium density is then
neq = (1/2)
[
(1 − e) +
√
(1 − e)2 + 4c
]
(2.7)
which is non-negative regardless of the value of c.
3. Conclusions
The main ecological implications of the results found above are that, as intuitively expected,
immigration into a habitat in a hostile environment contracts the critical length below which the
population cannot survive.
However, immigration alone cannot prevent extinction if the habitat is too small. Also, the logistic
self-regulation effect insures that when the critical length is exceeded then a steady state will be reached
and the population will increase with increased immigration.
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